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/JaHHaa pa6oTa nocBHineHa HCtne^OBaHHio Heo6xo,oHMbix ycjiOBHH onTHMajibHOCTH ,zjjih 3a^,aM ynpaBJieHHH 
Ha 6ecKOHeMHOM npoivie^KyTKe BpeMeHH. B nepByio onepeflb HCCJie^ryiOTCH ycjiOBHH, npn KOTopbix fljiH oiith- 
MajibHOCTH TpaeKTOpHH HeoGxo^iiMO, MTo6bi npn HeKOTOpOM penieHHH cooTHonieHHH npHHinina MaKCHMyMa 
conpH^KeHHasi nepeMemiaH CTpeMHJiacb k Hyjiio Ha 6ecKOHenHOCTH. IIoKa3aHO, hto jxjir Heo6xo r a;HMOCTH 3Toro 
^ocTaTOMHO, mto6m conpjuKeHHasi nepeivieHHaa, KaK KOMnoHeHTa penieHHH npHHu,iina MaKCHMyMa, 6biJia ycTofi- 
^ i HHBa no JIsmynoBy. IIpe^jiojKeHa TaKJKe nejiaa cepna 6ojiee tohkhx ycjiOBHH Ha conpn>KeHHyio nepeMeHHyio, 

noKa3aHO, KaK cbccth nposepKy hx Heo6xo,n;H]viocTH k npoBepKe ycTOHHHBOCTH cneiniajibHO BbinncaHHOH CHCTe- 
mm ypaBHeHHH. 

B Ka^iecTBe npHMeHeHHH y nojiyneHHOH B [T], P] 4>opMyjie Kohih ajih conpH>KeHHOH nepeMeHHoii BflOJib onTH- 
MajibHOH TpaeKTOpHH Han^eHbi cyurecTBeHHO 6ojiee niHpOKHe ycjiOBHH npHMeHHMOCTH. EIoKa3aHO, hto b cjiynae 
KOHenHOCTH h HenpepbiBHoii 3aBHCHMOCTH ot HanajibHbix ycjiOBHii, Hcnojib3yeMbix b 4>opMyjie Heco6cTBeHHbix 
HHTerpajiOB, Ka^Kfloe onTHMajibHoe ynpaBJieHne o6n3aHO hmctb e^HHCTBeHHoe penieHHe npHHinina MaKCHMy- 
Ma, yopBJieTBopHioin.ee HeKOTOpOMy ycjiOBHio TpaHCBepcajibHOCTH, h 3to — penieHHe, nojiy^ieHHoe npn noMomn 
4>opMyjibi Kouih. 
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BBe^eHHe 



IlpHHHHn MaKCHMyMa IloHTpHrHHa ^jih 3a,n,aH ynpaBjieHHH Ha 6ecKOHenHOM npoMencyTKe 6mji 
ccpopMyjinpoBaH y>Ke b b KjiaccHHecKoii MOHorpacpHH [7], onHaKO sth cooTHonieHHH He nojiHBi, h 
BBi,n;ejiHioT, Boo6me roBopa, cjihihkom HiHpoKoe ceMeitcTBO nofloapHTejibHbix Ha 3KCTpeMyM TpaeK- 
TopHii. ^onojiHHTejibHO Tpe6yeTca ycjioBHe Ha 6ecKOHenHOCTH, npe/yioJKeHO npcTaTOHHO MHoro Ba- 
pnaHTOB TaKHX KpaeBbix ycjiOBHH, o^HaKO KaK noKa3aHO, HanpHMep, b |14j . |15| Example 10.2], [2j 
npHMepbi 6.1-6.6], sth ycjiOBHH MoryT OKa3aTbcn HecoBMecTHbiMH c cooTHomeHHHMH npnHnnnoM 
MaKCHMyMa, a MoryT TpHBHajibHO H3 hhx cjienpBaTb. 

,U,aHHaji pa6oTa nocBHineHa noncKy ycjiOBHH Ha conpHHceHHyio nepeMeHHyio, no3BOjinioiHHX bh- 
nejiHTb ^jih bchkoto onTHMajibHoro ynpaBjieHHH He 6ojiee oflHoro penieHHH cooTHonieHHH npnHnnna 
MaKCHMyMa. CaMO npKasaTejibCTBO Heo6xo,i];HMOCTH cooTBeTCTByiomnx ycjiOBHH cbquhtch b pa6oTe 
k npoBepKe yeroHHHBOCTH no nacTH nepeMeHHbix penieHHH CHCTeMbi npHHinina MaKCHMyMa. IIoKa- 

3aHO, HTO yCTOHHHBOCTb npOH3BeneHHH COnpHJKeHHOH nepeMeHHOH Ha MaTpHHH03HaHHyK) CpyHKUHK) 

rapaHTHpyeT Heo6xonHMOCTb cooTBeTCTByiomero ycjiOBHH THna TpaHCBepcajibHOCTH. 0Ka3biBaeTCH, 
hto ecjin b KanecTBe MaTpnnH03HaHHoii cpyHKniin B3HTb MaTpHHHyio 3KcnoHeHTy bhojib jiHHeapn30- 
BaHHoro onTHMajibHoro penieHHH, to cooTBeTCTByiomee ycjioBHe Bbi^ejineT eniiHCTBeHHyio 3KCTpe- 

MajIB. IIpOBepKa Heo6xO,nHMOCTH 3TOrO yCJIOBHH CBOHHTCH K npOBepKe HenpepBIBHOH 3aBHCHMOCTH 

ot napaMeTpa Heco6cTBeHHoro HHTerpajia cpopMyjibi Komn. 

1. Onpe^ejieHHsi h o6o3HaHeHna 



1 Pa6oTa nacTH^HO no/mepjKaHa nporpaMMOii npe3imiiyMa PAH " MaTeMaTHHecKaa Teopiia ynpaBjiCHna" . 
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B KanecTBe npoMe»cyTKa BpeMeHH 6yn;eM paccMaTpHBaTb T = {t G R|i > 0}. Hepe3 E (bo3- 
mojkho CHa6jKeHHoe KaKHMH-jiii6o HH^eKcaMii) 6yfleM o6o3HanaTb KaKHe-jin6o BcnoMoraTejiBHbie ko- 
HeHHOMepHBie eBKjiHflOBbi npocTpaHCTBa, HopMy b hiix 6ya,eM o6o3HanaTb || • \\e- Hepe3 (comp)(E) 
6ya,eM o6o3HanaTb npocTpaHCTBO BceB03MO»CHbix KOMnaKTHbix noflMHOJKecTB MHOJKecTBa E, CHa6- 
flm 3to npocTpaHCTBO MeTpHKolt Xayc/i,opcpa. 

Ha MHOJKecTBax HenpepbiBHbix Ha BceM T cpyHKiniH 6ya,eT paccMaTpnBaTbca KaK Tonojiorna 
paBHOMepHofi Ha BceM T cxqzniMOCTH, Tax h KOMnaKTHO-OTKpbiTan Tonojiorna — Tonojiorna cxo- 
/;hmocth paBHOMepHoli Ha bchkom KOMnaKTe. (HanpHMep C(T,E) h Ci oc (T,E)), nepByio H3 hhx 

CHa6flHM HOpMOH || • ||c TOnOJIOrHH paBHOMepHOH CXOflHMOCTH. AHajIOrHHHO MHOJKeCTBa BCeX H3- 

MepHMbix no Bopejuo cpyHKijMH 6yzryT CHa6»caTbCH KaK toh TaK h /rpyroft TonojiorHeii (HanpHMep 
L 1 ([0,l],T)nLi oc (T,T)). 

Bcrofly flajiee, /i;jih bchkoh CKajiapHoii (hjih BeKTopHoii) H3MepnMoii cpyHKniin a HHTerpaji 
J T a(t)dt 6yn,eM noHHMaTb b Heco6cTBeHHOM cMbicjie — KaK npe,a,eji Jj Q T j a(t)dt npn T — > oo. AHa- 
jiornnHO noHHMaeTCH HHTerpaji no 6ecKOHenHOMy npoMejKyTKy, HanpHMep [T, 00} . 

,ZI,jra BCHKoro no^MHOJKecTBa A TonojiornnecKoro npocTpaHCTBa no,n; cl A 6yn;eM noHHMaTb ero 
3aMbiKaHHe. 

06o3HanHM nepe3 £1 ceMencTBO Tex cpyHKinin uj G C(T, T), pjw KOTopbix lim^ 00 o;(t) = 0. 
B KanecTBe (pa30Boro npocTpaHCTBa hcxo/i,hoh ynpaBjineMoft CHCTeMbi 6yfleM ncnojib30BaTb 

HeKOTopoe KOHenHOMepHoe MeTpnnecKoe npocTpaHCTBO X = R m . E/niHHHHbili map b h&m 060- 
3HannM nepe3 D. 

ElycTb flaHO TaKJKe KOHenHOMepHoe eBKjin,fl,OBoe npocTpaHCTBO U h 3a^aHO OTo6pa»ceHHe U : 
T 1— > (comp)(U), /i,jih KOToporo BbinojiHeHo: 

YcjiOBHe (u) : U — orpaHHneHHoe Ha bchkom KOMnaKTHOM MHOJKecTBe OTo6pajKeHHe, rpacpHK 
Gr U KOToporo — 3aMKHyToe 6opejieBCKoe MHOJKecTBO b T x U. 

ByzjeM roBopHTB, hto cpyHKiniH a : T x E' x U 1— > E" ynpBjieTBopaeT ycjioBHHM KapaTeoflopn, 
ecjiH 1) cpyHKHHH a(-, y,u) : T 1— > E" H3MepHMa fljia Bcex (y, t,u) € X x Grll, 2) cpyHKinia a(t, •, •) : 
E' x U(t) I— > E" HenpepbiBHa npn Bcex t G T. 

ByzjeM roBopnTB, hto cpyHKiniH a : T x E' x U 1— > E" jioKajibHO jinninnneBa, ecjiH pjm jno6oro 
KOMnaKTa K G {comp)(E x GrU) Han/jeTcs TaKaa cyMMnpyeMaa Ha bchkom KOMnaKTe (pyHKUHH 
L a K : T h> T, hto ,b;jih Bcex (x' ,t,u), (x" ,t,u) G K BbinojmeHo \\a(t,x',u) — a(t,x" ,u)\\e" < 
L a K {t)\\x' -x"\\ E ,. 

ByfleM roBopHTb, hto cpyHKiniH a : T x E' x U 1— > E" HMeeT H3MepnMyio MajKopaHTy, ecjiH 
fljia jno6oro KOMnaKTa K £ {comp){E x Gr U) HafyjeTCH TaKaa cyMMHpyeMan Ha bchkom KOMnaKTe 
cpyHKi^HH : T H- T, hto pjis. Bcex (x,t,u) G K BbinojmeHo \\a(t, x,u)\\e" < M^it). 

ByzjeM roBopnTb, hto /i;jih (pyHKH,HH n:TxE'xU4 E" BbinojiHeHo ycjioBHe npoflOJKKHMOCTH 
pemeHHH Ha T, ecjiH BbinojmeHo ycjioBHe noflJiHHeiiHoro no x pocTa (flJiH SToro, b cboio onepe^b 
floCTaTOHHO, hto6m OHa HMejia H3MepHMyio MajKopaHTy h 6bijia jiHnniHii,eBa c He3aBHCHmen ot K 
(pyHK^efi L a K - cm. [Tfl 1.4.6]). 

ElycTb flaHa ynpaBjiaeMaa cncTeMa 

x = f(t,x,u), x(0) =0, t € T, x G X,n G C/(t). (1.1) 
Bciofly flaiiee npe^nojiaraeTCH, hto BbinojmeHo: 

YcjioBHe (f) : OTo6pajKeHne / :TxXxU^X — OTo6pajKeHne KapaTeo^opn, JioKajibHO 
jiHrnnnneBoe, HMeiomee H3MepHMyio MajKopaHTy h ynpBjieTBopnioinee ycjiOBHio npo^ojcKHMOCTH. 

EIo/; MHOJKecTBOM BceB03MO>KHbix ,zi,onycTHMbix ynpaBjieHHH ii 6y/;eM noHHMaTb MHOJKecTBO Bcex 
H3MepHMbix cejieKTopoB MHoro3HanHoro OTo6pajKeHHH U. Tonojiornio Ha il 3afla/],HM b cnjiy bjio- 
»ceHHH il C i?; oc (T,U). Tenepb BCHKOMy u G il mojkho conocTaBHTb pemeHHe ypaBHeHHH (jl.ip . 
9to pemeHHe e^HHCTBeHHO b cnjiy jioKajibHoft jinnmnneBOCTH /, b cnjiy ycjioBHH npoflOJKKHMOCTH 
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oho MOJKeT 6biTb npo,a,ojcKeHO Ha Bee T, o6o3HaHHM ero nepe3 ip[u]. Tenepb b cnjiy (9j TeopeMa 
1.1.6] HMeeT MecTO Ha KaJK^OM KOMnaKTe HenpepbiBHaa 3aBHCHMOCTb penieHHH ot nporpaMMHoro 
ynpaBjieHHH, TaKHM o6pa30M OTo6p a JKeHHe (f : il — > C/ oc (T, X) HenpepbiBHO. IIpeflnojioJKHM, hto 
Bcer^a ^ajiee BbinojmeHo: 

YcjiOBHe (g) : OTo6pa>KeHHe j:TxXxU^R — jioKajibHO jmnniHueBoe h HMeiomee H3Mepn- 
Myio Ma>KopaHTy OTo6pajKeHHe KapaTeo^opn, a KpoMe Toro fljra HeKoropoii 4)yHKHHH u G £1 npn 

jho6mx u£il fljia Bcex T G T BbinojiHeHo / g(t, (p[ii\(t), dt < oj(T). 

J[T,oa) 

Bcrofly flajiee HccjieflyeM 3a,a,aHy MaKCHMH3auHH Ha TpaeKTopnax CHCTeMbi (jl.lj) c^yHKHHOHajia 

J{u) = / g(t,<f[u}(t),u{t))dt ->max. (1.2) 
Jt 

B cnjiy ycjioBHH (g) c^yHKHHOHaji J : il — > R HenpepbiBeH. 

2. MHOjKecTBO o6o6m,eHHbix ynpaBJieHHii il 

06o3HaHHM flJIH Bcex u G U Hepe3 5 U BepoHTHOCTHyio Mepy, cocpe^oToneHHyio b tohkc u G U. 
Ecjih HeKOTopoe oTo6pajKeHHe <j> : il — > Ci oc (T, E) TaKOBo, hto ,iyra bchkoto £€Ti3 M 'l[o,*] = u "l[o,t] 
cjie,ayeT <^(w')l[o,t] = < f ) ( u ")\[0,t]i TO Ha30BeM Taxoe OTo6pajKeHHe Heynpe>K,z];aiomHM. 

Onpe^ejiHM iin KaK ceMeltcTBO Bcex cjia6o H3MepHMbix OTo6pa»ceHHH ^ H3 [0, re] b MHOJKecTBO 
BepoHTHOCTHbix Mep Pa/joHa Hafl U TaKHX, hto Jjjm v{t)(du) = 1 flJia noHTH Bcex t G [0, n]. OcHa- 
cthm 3to MHOJKecTBO TonojiorHeft *-cjia6oH cxo,hhmocth, nojiyneHHoe TonojiorHHecKoe npocTpaH- 
ctbo — KOMnaKT [4, IV.3.11], a MHOJKecTBO il„ = {it|[o,nl I re G il} Bciofly njioTHO BKjia,nbiBaeTCH b 
iln [U IV. 3. 10] OTo6pajKeHHeM rn-fiou. 

BBe^eM Tenepb il — ceMeiicTBO TaKHX OTo6p a JKeHHH rj (h3 T b mhojkbctbo BepoHTHOCTHbix Mep 
Pa^oHa Hafl U), hto ?7 1 [o,n] € n([0, re], U) flJia bchkoto n G N. Onpe/jejiHM pjm Bcex n G N CKB03Hbie 

npoeKH,HH 7T n : il — > il n , npaBHjioM TT n (rj) = r]\m n -\ pjm Bcex 77 G iX. B KanecTBe TonojiorHH Ha il 
B03bMeM cjia6eHHiyio Tonojiornio, b KOTopoli Bee CKB03Hbie npoeKHHH HenpepbiBHbi; b nacTHOCTH 
MHOJKecTBO A C il 3aMKHyTO, ecjiH h tojibko ecjiH fljiH Bcex re G N o6pa3 7r n (A) 3aMKHyT b il„. 
KajK^oii 1] G il mojkho conocTaBHTb £p[rj\ G Cj oc (T, X) KaK pernemie 3a,a,aHH Koihh 

X= [ f(T,x(T),u) V (t)(d U ), X(0) =0, 
JU{t) 

h 4>yHK^OHaji J{rj) = J T f u{t) g(r, <p[t}](t),u) rj(t)(du) dt. 

MHOJKecTBO il flajiee 6yn;eM Ha3biBaTb mhojkbctbom o6o6meHHbix ynpaBJieHHii. BBe^eHHe 3Toro 
MHOJKecTBa onpaBflbiBaeT cjie,n,yiOHj,ee npe^jiojKeHHe: 

IIpe/i,Jio»ceHHe 1. Ilycmb eunojmertu (u),(f),(g) ; mozda 

1 ) npocmpaHcmeo il — KOMnaKm, a 5(il) — ecmdy njiomnoe ezo nodMHOMcecmeo; 

2) ecHKOMy neynpewcdatoineMy nenpepuenoMy omo6paotceHUK> : il — > Ci oc (T, E) momc- 
ho eduHcmeeHHUM o6pa30M conocmaeumb maKoe neynpeMcdaiovnee nenpepuenoe omo6pa,MceHue 
<f> : il — > C; oc (T, E), umo (f> = (j) o 6, npu smoM cl 0(il) = </>(il); 

3) omo6paMceHun (p, J nenpepuenu; 

4 ) cymficmeyem manou dAeMenm rf G il, umo 

sup J(u) = max J(rj) = J(re°). (2.1) 
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floKa3aTejibCTBo. BBe^eM pjm KpaTKocTii II = IlneN^"' CHa 6AH M npoH3Be,a,eHHe th- 
xohobckoh TonojioriieH. IIocKOJibKy npoeKHHH 7? n HenpeptiBHbi, to H3 [U II. 1.3] 6ya;eT HenpepbiBHO 

OTo6pa>KeHHe A : il — >■ II, onpe^ejieHHoe no npaBHjiy: A(rj) = (7Tn( r /)) ngN Bcex rj G il. Ho oto6- 
pajKemie A HHi.eKTHBHO, Torjja cymecTByeT o6paTHoe A -1 , ^jih npoBepKH HenpepbiBHOCTH A -1 
flocTaTOHHO npoBepHTb HenpepbiBHOCTb cynepnosnunn 7f n oA _1 , to ecTb onepannn npoeKTHpoBaHHH 

H3 II Ha n-K> KOMnOHeHTy II, HTO TpHBHajIbHO. 

IlycTb n,k G N, (n > k). Tor,a,a npocTpaHCTBO il„ BKjiaflbiBaeTcn b il^ OTo6pa>KeHHeM 
^kW) = ^Ifo.fc] A™ Bcex r\ G il„. IIocKOJibKy npn stom 7rj? o nj? = nf, n, k, i G N, (n > A; > i), to 
mm HMeeM npoeKTHBHyio nocneflOBaTejibHOCTb TonojiornnecKHX npocTpaHCTB {jln,-^^}, h mojkho 
onpenejiHTb o6paTHbiii npejxeji [HJ III. 1.5], |10| 2.5.1], b Haninx o6o3HaneHHHX ero mojkho 3anncaTb 

lim^{il n , tt^} = A(il) C II. KaK noKa3aHO Bbinie, A — roMeoMopcpH3M, nosTOMy il roMeoMopcpHO 
A(il). Tenepb b cnjiy TeopeMbi Kypoina [8:, III. 1.13] o6paTHbiit npejxeji A(il) KOMnaKTOB il„ — kom- 
naKT, ho Torjja h caMO il TaKJKe KOMnaKT. Bojiee Toro, nocKOJibKy iin MeTpH3yeMbi, to aHajiornnHO 
H3 \10\ 4.2.5] il TaKJKe h MeTpH3yeMo. 

IIoBTopHB paccyjKfleHHH, ho y>Ke 6e3 ~ hjih npocTO cocjiaBinncb Ha |10[ 3.4.11] (npocTpaHCTBO 

CpyHKHHH B KOMnaKTHO-OTKpblTOH TOnOJIOTHH KaK npeflejl o6paTHOH nOCJieflOBaTejIbHOCTH) H |1Q| 

2.5.6] (cy»ceHHe cneKTpa no 3aMKHyTbiM MHOJKecTBaM) , HMeeM il = limjiln, 7rJ?} = A(il) C II. 

BBefleM OTo6pajKeHne e n : il„ — > iin 
n G N, t G [0,77.], u G iin- IIocKOjiBKy Bcex n, k G N, n > k BBinojmeHo e& o 7r£ = e n , to ceMett- 
ctbo OToSpa^ceHHH c n TaKJKe mojkho npeBpaTHTb b npoeKTHBHyro CHCTeMy {e n ,ir%} h nojXHHTb flo 
OTo6pa>KeHHH Me>Kjxy npejxejiaMH chctcm il n h il„, nonynnM o6paTHbili npeneji e/\ : A(il) — > A(il), 
npn 3tom, H3 e n o ir n = TT n o 5 HMeeM eA ° A = A o 5, a H3 il„ = c/e n (il n ) ( [4]) HMeeM 
A(il) = c/eA(A(il)) = cl(A. o 5)(ii); Tenepb, b cnjiy HenpepbiBHOCTH A -1 nojiynaeM il = cW(it), h 
nepBbiii nyHKT npKasaH. 

IlycTb flaHO HeKOTopoe Heynpe^Kflaiomee OTo6pa>KeHne eft : il — >• Q oc (T, E); BcnejxcTBHe Heynpe- 
jK^aeMOCTH (j> KoppeKTHO BBecTH OTo6pajKeHne (j) n : il„ — > C([0,n], E) npaBHjioM 4> n {^n{u)) = 4>(u) 
fljia jiK)6oro u € il. IIocKOJibKy fljra BCHKoro n G N e n (il) Bcro^y njioTHO b il„, to cymecTByeT 
eflHHCTBeHHoe HenpepbiBHoe OTo6pa»ceHHe (j) n : il„, — > C([0, n],E) co cbohctbom (j) n = (j) n o e n . Ho 

Torjja ecjiH onpe^ejiHTb <p npaBHjioM 0(w)|[ n -i jn ) = (</>« ^n)[ n ~i,n) PJ 1 ^ Bcex n G N, u G il, to 
fljia Bcex n G N ^|[o )ri ] = 4> n K n , b nacraocTH <^> HenpepbiBHO (Tonojiornn KOMnaKTHO-OTKpbiTa) , 
a KpoMe Toro o <5)(n)| [0>n ] = oi„o <5)(n) = (cj) n o e n o 7T n )(u) = o 7r„)(n) = 0(-ii)|[ Ojn ]. B 
cnjiy npoH3BOJibHOCTH n G N cymecTBOBaHne HyjKHoro OTo6pa>KeHHH ^ : il — > C(T, noKa3aHO. 
OcTajiocb 3aMeTHTb, hto ecjiH 6bi 6bijio OTjinnHoe ot (f> OTo6pajKeHne c TeM JKe cbohctbom, to oho 

6bl OTJIHHajIOCb Ha HeKOTOpOM OTKpblTOM B CHJiy [SI 2.4.17] MHOJKeCTBe , B HaCTHOCTH Ha HeKOTOpblX 

sjieMeHTax H3 S(iX), nero 6biTb He MOJKeT. BTopoft nyHKT flOKasaH. 

OTo6pa>KeHHe tp HenpepbiBHO, HanpHMep, b cnjiy |17| Theorem 3.5.6]. AHajiornnHO 6ya,eT Henpe- 
Pmbho 3aBHceTb ot r] G il peuieHne <f>[rj\ = (x, y)[rj\ 3aflanH Kohih x = fjj^ f(t, x(t),u)rj(du)(t),y = 
Jjj^ g(t,x(t),u)r](du)(t),c(0) = 0, x(0) = KaK 3jieMeHT Q oc (T,X x R), b nacTHOCTH y[rj\ G 

C; oc (T,R), ho \ J{rf) — y[rf\{n)\ < oj(n) jj;jih Bcex n G N b cnjiy ycjioBHH (g). OcTajiocb 3aMe- 

THTb, hto y[rf\{n) 3aBHCHT jihuib ot ?7 1 [o,rx] H 3aBHCHT HenpepbiBHO, uj(n) ^ 0, a KpoMe Toro |J(r/)| 

orpamraeHO hhcjiom u(0). 

nocjieflHHH nyHKT cjiejxyeT H3 npe^biflymnx. □ 
HTaK, o6o6meHHaH 3aflana MaKCHMH3an;HH cbyHKi^noHajia J(rj) HMeeT peuieHne, 6ojiee Toro .iijih 

BCHKoro TaKoro pemeHHH HaiifleTCH cxo/i,HmaHCH k Heii (b Tonojiornn il) MaKCHMH3npyioiH,aH (|l-2p 

nocjieflOBaTejibHOCTb ynpaBjieHHH H3 il. 
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3. CooTHOineHHa npumjuna MaKCHMyMa 

Onpe,a,ejiHM (byHKinno IaMnjibTOHa-rioHTpHrHHa W:Xx GrU xTxX^R npaBHjioM: 

H(x, t, u, A, ip) = ipf(t, x, u) + \g{t, x, u) . (3.1) 

BBe^eM cooTHOineHHH 

x(t) = f(t,x(t),u(t)); (3.2) 

#) € -d x n(x(t),t,u(t),X,i;(t)); (3.3) 

H(x(t),t,u(t),X,ip(t)) = sup H(x(t),t,p,\,i/>(t)); (3.4) 

peu(t) 

x(0)=0, ||^(0)||x + A = l. (3.5) 

JlerKO BH^eTb, hto /ijih Bcex u G il npn jno6bix HauajibHbix ycjioBHHX CHCTeMa (|3.2p . (|3.3p HMeeT 
jioKajibHoe penieHHe, h BCHKoe peineHHe 3thx cooTHOineHHH npoflojiJKHMO Ha Bee T. 

06o3HaHHM uepe3 2) ceMeftcTBo BceB03M0JKHbix penieHHit (x, u, A, ip) € Q oc (T, X) xilx [0,1] x 
C; oc (T,X) cncTeMbi ()3.2p . (l3.3p . ()3.5p Ha T, uepe3 3 — ceMeftcTBo Tex pemeHHii H3 2J, pjm KOTopbix 
noHTH Bcio/iy Ha T BbinojiHeHo TaicKe (|3 . 4|) . 

BBe^eM TaKHe cooTHOineHHH /ijih o6o6meHHbix ynpaBjiemiH, a HMeHHO b ycjioBHHX (|3,5p pac- 

CMOTpHM 

x(t) = f f(t,x(t),u)ri(t)(du); (3.6) 
Ju(t) 

#)e-/ Q,.W(a:(t),t,«,A,^(t))»7(t)(d«); (3.7) 

/ H(x(t),t,u,\,ip(t))ri(t)(du) = sup H(x(t),t,p,\,ip(t)). (3.8) 
JC/(i) pet/(t) 

AHajiornuHO, ,zijiji Bcex 77 € il npn jno6bix HauajibHbix ycjioBHHX CHCTeMa (|3.6p . (|3.7p HMeeT jioKajib- 
Hoe penieHHe, h BCHKoe TaKoe peuieHHe npo^ojiJKHMO Ha Bee T. 

06o3HauHM TaKJKe uepe3 2J ceMeftcTBo BceB03MOJKHbix ueTBepoK (x, r/, A, ip) € Q oc (T, X) x il x 
[0,1] x Ci oc (T, X) penieHHit cncTeMbi (|3.5p - (l3.7|) . BBe^eM TaKJKe 3 — ceMeftcTBo TaKHX ueTBepoK 
(x, 77, A, '0) £ 2J, flJiH KOTopbix nouTH Bciofly Ha T BbinojmeHO TaK»ce h (|3.8p . 

3aMeTHM, HTO /1,JIH BCHKOTO 77 €: H CeMeHCTBO BCeB03MOJKHbIX peHieHHH (x, 77, £ 2J CHCTe- 

Mbi (|3.5p - (|3.7p Ha T npn 3a,naHHOM ynpaBjieHHH rj, KOMnaKTHO b cnjiy \17\ Theorem 3.4.2]. Bojiee 
Toro, 3to MHOJKecTBO, KaK MHoro3HauHoe 3aBHCHm,ee ot r\ OTo6pa»ceHHe, nojiyHenpepbiBHO CBepxy 
3aBHCHT ot Ti. ^eiicTBHTejibHO npaBaa uacTb (|3.6p . (|3.7p BbinyKjia, HHTerpajibHO orpaHHueHa, no- 
jiyHenpepbiBHO CBepxy 3aBHCHT ot rj, npn bchkom cbHKCHpoBaHHOM x, tp H3MepHMa, cjie^oBaTejibHO 
HMeeT H3MepHMbili cejieKTop ( \17\ Lemm 2.3.11]); 6ojiee toto, Bee jioKajibHbie penieHHH (|3.6p . (|3.7p 
npo,a,ojiJKHMbi Ha Bee T. IIocKOJibKy BbinojiHeHbi Bee ycjiOBHH |17^ Theorem 3.5.6], to noKa3aHa 
nojiyHenpepbiBHOCTb CBepxy 3Toro OTo6pajKeHHH. Tenepb KOMnaKTaMH hbjihiotch h 2J, h 3, KaK 
rpacbHKH BToro OTo6pa»ceHHH Ha KOMnaKTHoii no,a,o6jiacTH o6jiacTH onpeflejieHHH. 

IIoKajKeM celiHac, cjie^ya H^eojiorHH [2j §9], npHHinrn MaKCHMyMa b Hanieli o6o6meHHOH sa^aue. 
3acbHKcnpyeM HexoTopoe r/° 6 11, yzjoBjieTBopHiomee (|2.ip . BBe^eM ,zijih coKpameHHH 3anncH 

x° = 06o3HauHM uepe3 2J° ceMeftcTBo Taxnx TpoeK (x o ,A,-0), hto (x°,7]°,X,tp) e 2J. OTMe- 

THM, UTO KaK nOKa3aHO BblHie, 3TO MHOJKeCTBO — KOMnaKT. 

H3 ycjiOBHH (u) OTo6pajKeHHe U annpoKCHMHpyeTCH cueTHbiM uhcjiom cbohx H3MepHMbix ce- 
jieKTopoB (npeflCTaBjieroie KacTeHa) [T3l Theorem 12.1]. IiycTb nocjie,a,OBaTejibHOCTb (uJjgN Gil N 
HBjiaeTCH npeflCTaBjieHHeM KacTeHa fljia OTo6pa»ceHHH U. 
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B. Xjioithh 



HcKjiioHHTejibHO pa,a;H ya,o6cTBa o6o3HaneHnn bjiojkhm KOHenHOMepHoe npocTpaHCTBO U KaK 
jiHHefiHoe no,a;npocTpaHCTBO b TaKJKe KOHenHOMepHoe npocTpaHCTBO 6ojibniefi pa3MepHOCTH U'. Bbi- 
6epeM KaKyio-HH6yn;b TOHKy vq € U' \ U. ^oonpe^ejinM fljia Bcex (i, x) € T x X 

f(t,x,v )= f(t,x,u)rj (du),g(t,x,v )= g(t,x,u)ri (du). 
Ju(t) Ju(t) 

Tenepb mojkho floonpeflejiHTb 7i npn u = v o npn noMomn npaBHjia f)3. 1[) . 

n 

3a<pHKCiipyeM n <E N, BBe^eM CHMnjiexc A n = ja = (a ,...,a n ) G [0,l] n+1 | ^a, = l}. 

IlyCTb £ n — MHOJKeCTBO BCeB03MOJKHbIX H3MepilMbIX OTo6p aJKeHHH H3 T B A„. BBe^eM TaKJKe 

a € £ n npaBHjioM a°(t) = (1, 0, . . . , 0) fljra Bcex t £ T. 

Onpe^ejiHM, HaKOHeri;, BcnoMoraTejibHyio jiHHenHyio cncTeMy 



X = 

i=0 



^ x(0) = 0, t G T, x G X, a € £ n ; 



KaJKfloe a G £ n nopojKflaeT TpaeKTopnio <£> n [a!] £ C(T,X) (npnneM (/3 n [a°] = cc°). BBe^eM Ha £ n 
cpyHKinioHaji 

r. n 

Jn(a)= / raj(t)s(f/[a](t),i)i(t))(K. 

IloKajKeM c noMom,bio npnHinina BejijiMaHa, hto KOM6nHannH a flocTaBjraeT MaKCHMyM 
3Toro cpyHKnnoHajia cpe/ni Bcex KOM6nHaiiHH a € £ n , yapBjieTBopHiornHX KpaeBOMy ycjioBHio 
ip n [a](n) = x°(n). ^eltcTBHTejibHO , KpaeBoe ycjiOBHe Ha a BbinojiHeHO no nocTpoeHHio, nycTb 
ecTb j3 6 £ n , flJiH KOToporo J n (/3) > J n (a°) h (p n [f3](n) = cp[r) ](n). Tor^a BBefleM rj 00 £ il paBeH- 

CTBaMH V°°\[n,oo) = V°\[n,Do)^ V°°\[0,n) = ££=0 Pk ( S V k) \[0,n) OTCIOfla ^[v°°]\[n,oo) = &[V°} I [n,oo> , 

pa36HBan b onpe^ejieHHH J npoMejKyTOK HHTerpnpoBaHHH Ha npoMe»cyTKH [0, n), [n, oo) HMeeM 
J(r] 00 ) — J{rp) = J n {fi) — J n (oP) > 0, hto npoTHBopeHHT onTHMajibHOCTH rp b (| 1 . 2 j) . MraK, oP 
onTHMajibHa. 

EIocKOJibKy napa (x°,aP) onTHMajibHa b stoh 3&R&He, to H3 O TeopeMa 5.2.1] npn HeKOTopbix 
A"(iT,)/'™£ C; oc ([0, n], X) /;jih t € [0, n] BbinojiHeHbi aHajiorn (|3.6|) . (|3.5|) h cooTHouieHHH 



^ n (t) G — ^2 a i {t)®xT~t (x° (t),t, vo (t) ,X n ,ip n (t)) . 



i=0 

n n 

J2^(t)n{x°(t),t,v i (t),X n ,r(t)) = sup ^A(t)^(x°(t),i,^(t),A",V n (t)), 

Tenepb, Bocnojib30BaBnincb onpeflejieHHHMH a°, f(t,x,Vo),g(t,x,Vo), HMeeM KpoMe f)3.6j) . (|3.5p fljia 
nonTH Bcex ( G [0, n] TaKJKe 

r(t)G-[ d x n{x°(t),t,u,X n ,r(t))v°(t)(du); (3.9) 
./t/(t) 

/ H(x°(i),i,u,A",V n (t))?? (t)(du) > max-H(a; (t),t,i; i (i),A n ,V n (t)). (3.10) 
J(7(t) iel,n 

Ilpo,fl,ojcKHM ^ n c [0, n] Ha T KaK peuieHHe (|3.9p npon3BojibHbiM o6pa30M. B cnjiy [6l TeopeMa 2.7.2] 
npn nepeMeHe d h J mhojkbctbo b (13.91) jihhib yBejinnnTCH, to ecTb noKa3aHO (]3.7p . b nacTHOCTH 
(x°, A™, € 2)° fljia Bcex neN. 



YcjioBHa onTHMajibHOCTii npn ycToitHHBOCTH conpaaceHHoit nepeMeHHoii 



7 



IlocKOjibKy 2J — KOMnaKT, to, nepeiiaa k no/nrocjieflOBaTejibHOCTH, mojkho CHHTaTb, hto 
A ra , ^ n ) ng N cxoflHTca k HeKOTopoMy A°° , G 2)°. C apyroii ctopohm, paccMOTpHM npo- 
H3BOjibHoe T G T, npn bchkom n G N, n > T aaa iiohth Bcex i G [0, T] BbinojiHeHO (I3.10p . nepeft^H 
k npeaejiy npn n — >• oo, HMeeM aaa iiohth Bcex t G T (b ciijiy npoH3BOjibHOCTH T) 

/ H[x°(t),t,u, A°° ,^°°(t))ri(t)(du) > supH(x°(t),t,Vi(t), \°° ,^°°(t)) . 

JU(t) i£N 

Ho no Bbi6opy (i>i)ieN mhojkbctbo {t>i(t) |i G N} Bciofly njioTHo b E/(i) aaa noHTH Bcex t G T, b 
nacTHocTH npaBaa nacTb HepaBeHCTBa paBHa sup uG j/( t ) 7i(x°(t), t, v i(t), A°°, ip°°(t)^ , KOTopaa 3aBe- 
flOMO He MeHbnie jieBoit. CjieflOBaTejibHO fljia noHTH Bcex i 6 T HMeeT MecTO paBeHCTBO, to ecTb 
(|3.8p . TaKHM o6pa30M, (x°, 77°, A°°, t/>°°) G 3- HTaK, flOKa3aHO 

IIpeflJio^ceHHe 2. i? ycAoeunx (f), (g), (u) cymecmeyem onmuMaAbnoe o6o6w t eHHoe ynpaene- 
nue rj G 11 u coomeemcmeyK>w i afi eMy mpaeKmopun x° = (f[r) ], 6oAee mozo dnn bcmkou manou 
napu (j)°,x°) npu uenomopux A G T,tp G C/ oc (T,X) nemeepna (x°, jy°, A, ip) G 3 ydoeAemeopnem 
coomHomeHusiM npuHi^una MaKCUMyjvia <\3. 5j) -( fX5jl , 

^jia ynpomeHHH cpopMyjinpoBOK Bcio/ry aajiee mm 6yn;eM npe^nojiaraTb, hto onTHMajibHoe 
ynpaBjieHne vP peajiH30Bajiocb cpe/ni sjieMeHTOB il, cooTBeTCTByiomyio vP TpaeKTopnio o6o3HaHHM 
nepe3 x° (npn Heo6xoaHMocTH mojkho Bceiyja BoccTaHOBHTb sth cpopMyjinpoBKH o6T>aBHB o6o6meH- 
Hoe onTHMajibHoe HeKOTopbiM apnycTHMbiM v° G U' \ U). Otmcthm, hto oneHb o6iHHe ycjioBna 
cymecTBOBaHHH onTHMajibHoro pemeHna cpean ^onycTHMbix ynpaBjieHHH HMeioTca b [12J. 

4. Ycjiobhh TpaHCBepCajIbHOCTH 

C ooTHomeHna (|3.2p - (|3.5p He co^epjKaT ycjioBna Ha npaBOM KOHne. EcTb HecKOJibKO BapnaHTOB 
TaKHX flonojiHHTejibHbix ycjiOBHH (no^po6Hee cm. [2j §1.6]), b ,a;aHHOH pa6oTe Hccjie^yeTca npe»c- 
,n;e Bcero BapnaHHH ycjiOBHH limt_^ 00 ||^(i)||x = 0. CcpopMyjinpyeM npe^nojioJKeHHa b TepMHHax 
ycTOHHHBOCTH t/j, npn KOTopbix TaKoe ycjioBHe 6yn,eT fleftcTBHTejibHO Heo6xo,zniMbiM. 

Hepe3 (Fin)(vP) 6ya,eM o6o3HanaTb ceMeltcTBo Tex rj G it, aaa KOTopbix 77I rr,oo) = u °)\[t,od) 
npn HeKOTopoM T G T. 

nycTb w : T x U — > T OTo6pa>KeHHe KapaTeoappn, o6jia,raiomee H3MepHMaa MajKopaHToft. 

fljiH jho6mx r G T, rj G il BBeaeM C w [t]](t) = / / w(t,u)r)(t)(du)dt. npeflnojio}KHM, hto 

J[q,t] Ju(t) 

C w [5oyP] = h ecjiH fljia HeKOTopbix r/ G D(w), r G T HMeeT MecTO C w [rj\(r) = 0, to rj noHTH Bcio^y 
Ha [0, r] paBHa 5ou°. Mhojkbctbo TaKHX w, o6o3HaHHM nepe3 (Null)(u°). OnpeflejiHM OKpecTHOCTb 

O w (u°;e) = {q G (Fm)(«°)|Vt G T C w [ri](t) < e} fljia Bcex w G (Null)(u°),£ G R >0 . 

YcjioBHe (s): Ha onTHMajibHoii ^jih sa^ann (jl.2p nape (x°,tt°) cymecTByeT TaKoft Bee w G 
(Null)(u°), hto fljia BcaKoro penieHHa u°, A , G 3 MHOJKHTejib JlarpaHJKa t/j° ycToiiHHB k 
MajibiM fljia C w B03MymeHHHM CHCTeMbi (|3.2p . (|3.3p . to ecTb fljia bchkoto e G R>o HaftflyTca Taxne 
hhcjio 5 G R>o h OKpecTHOCTb T C 2) penieHHa (x°, 5 o u°, A , ijp) (xaK sjieMeHTa C; oc (T, X) x il x 
T x C; oc (T,X)), hto ,a,jia Bcex (x,rj,X,ip) G T H3 HAuMIIc < 5 cjie,n;yeT \\ifi — ip \\c < £• 

IIpeflJioxceHHe 3. B ycAoeunx (f), (g), (u) Oah bchkou onmuMaAbHoil 3ah 3adauu (j 77J[) na- 
pw G Q oc (T,X) x il, ydoeAemeopsiTou^eu ycAoeum (s), ecnKou HeospanuueHHO eo3- 

pacmatovneu nocAedoeameAbHocmu MOMenmoe epeMenu (r n ) ng N G T N naudemcH maKoe pewenue 

u°, A°°, if) 00 ) G 3 ecex coomnouienuu npuH%una MancuMyMa (|ff.ffp - (|ff.5p . <imo eunoAHeno ma%- 
OKe ycAoeue mpanceepcaAbHocmu 

lim^ oo ||V oo (r„)||x = 0. (4.1) 
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J\. B. XjionHH 



floKa3aTejibCTBO. 3acbHKcnpyeM HeKOTopyio HeorpaHHneHHyio, mohotohho B03pac- 
Taioinyio nocjie,a,OBaTejibHOCTb mombhtob BpeMeHH (r n ) ng N € T N . Bo3bMeM TaKsce npoH3BOjiBHyio 
cxoflainyiocH K nyjno nocjieflOBaTejibHOCTB (7„) n gN € T N co cbohctbom: u}(r n )/j n — > 0. (HanpnMep, 

nofloltfleT 7 n = a/w^), r^e cbyHKnna: uj B3HTa H3 ycjiOBna (g)). 
PaccMOTpHM fljia KaJK^oro n G N sa^any 

Jn(v) = / g(t,<p[rj\(t),u)rj(t)(du)dt - j n £ w [v]( T n) -> max. (4.2) 

•/[o,r n ) ■/[/(*) 

QyHKnnoHaji 3,necb orpaHnneH CBepxy hhcjiom J(u ) + w(r n ), cjie^oBaTejiBHO HMeeT cynpeMyM, 
ho KaJK^oe cjiaraeMoe HenpepbiBHO 3aBHCHT ot 77, npo6eraK>mero KOMnaKT it, cjie^oBaTejibHO 3Ta 
sa^ana HMeeT b il onTHMajibHoe penieHHe; KaKoe-HnGyab H3 hhx o6o3HanHM nepe3 (x n ,r/ n ). KaK 
npn flOKa3aTejibCTBe npe,n;jK»KeHHH[2]MO}KHO 3armcaTb rj n KaK cbnKTHBHoe flonycTHMoe ynpaBjiemie, 
3acpHKCHpoBaTb pa3jio»ceHHe KacTeHa h paccMOTpeTb jiHHeftHyro BcnoMoraTejibHyio sa^any fljra J n 
npn n € N. Tor^a, nepexo,jiH k npe^ejiy npn n — > oo, nojrynHM, hto npn KaKHX-TO (A 11 ,^™) € T x 

C([0, n], X) Ha npoMe»cyTKe [0, r n ) HMeeT MecTO (|3.5|) ()3.7|) . a /i;jih OTo6p a>KeHHH % Tn (x, t, u, A, ?/0 = 



H(x,t,u, \,if)) -j n / w(t,u)r](t)(d 
JU(t) 

L 



u) BbinojiHeHO /yra nonTH Bcex i € T 

U(t) 



H Tn (x(t),t,u,\,t/j(t))r)(t)(du)= sup H Tn [x(t),t,p,\,iP(t)). (4.3) 

C/(t) pGf/(i) 

Bojiee Toro, (x n , f] n , X n , ijj n ) yflOBjieTBopaeT ycjioBHio TpaHCBepcajibHOCTH Ha CBo6oflHOM KOHne: 
tjj n (T n ) = 0. Ha [r n ,oo) bcio neTBepKy (x n , r] n , X n , ip n ) npoflOJKKHM npn noMoinn ynpaBjieHHH 
M °l[r n ,oo>- Tor^a r] n £ (Fin)(u°). 06o3HannM nepe3 3 n MHOJKecTBo neTBepoK (x,u, \,ip), yzjoBjie- 
TBopaioinHX Ha t € T cooTHOHieHHHM (|3.5|) - (|3,7p . cooTHonieHHio (|4. 3|) noHTH Bciofly Ha [0, r n ), h co 
cbohctbom o u°) | r Tn)00 \ = 7? n | [ T „,oo) ■ Tenepb (x n , r] n , \ n , ip n ) £ 3 n flJia bchkoto n € N. 

3aMeTHM, hto Bee 3 n 3aMKHyTbi, a nocKOjibKy co^epjKaTCH b KOMnaKTe 2), to h KOMnaKTHbi; 
Tenepb nocjie^oBaTejibHOCTb (x n , r/ ra , A n , ^ n )nGN HMeeT npe,a,ejibHyio TOHKy (x°°, 7?°°, A°°, ^°°) € 2). 
IlepeHflH npn Heo6xo,nHMOCTH k noflnocjieflOBaTejibHOCTH 6yz;eM CHHTaTb 3Ty TOHKy npe,n,ejioM Been 
nocjie^oBaTejibHOCTH . 

,HjIH BCHKOTO (pHKCHpOBaHHOrO X MHOJKeCTBO TeX U E U(t), HTO peajIH3yiOT B (|4.3P MaKCHMyM, 

HMeeT cejieKTop b cnjiy |13^ Theorem 3.7]. Tor^a H3 [17, Lemm 2.3.11] oh HMeeTCH h npn no,a,CTa- 

HOBKe B % npOH3BOJIbHOH HenpepblBHOH cbyHKHHH X. HoCKOJIbKy, KpOMe TOTO, COOTHOHieHHe (|4.3p 

TaKJKe nojiyHenpepbiBHO CBepxy 3aBHCHT ot x,i/j h napaMeTpoB 7, A, a Bee cooTHorneHHH HHTe- 
rpajibHO orpaHHHeHbi Ha orpaHHHeHHbix MHOJKecTBax , to b cnjiy |17| Theorem 3.5.6] Ha KajK^OM 
KOHeHHOM npoMejKyTKe fljia nyHKOB penieHHH (I3.2p . (]3.3p . y,a,OBjieTBopHK)Hi,HX (I4.3p . HMeeT MecTO 
nojiyHenpepbiBHOCTb CBepxy yjKe no 7, A. B nacTHOCTH, fljia 7 — > 0, mm nojiynaeM, hto BepxHHli 
npe^eji KOMnaKTOB 3 n BjiojKeH b 3- OTcio^a (x°°, T)°°, A°°, € 3- 

^ajiee, b cnjiy onTHMajibHOCTH u n n u° b cbohx 3a/i,anax, a TaKJKe ycjioBHH (g), HMeeT MecTO 

J{u n ) + uj{T n ) > J n {u n ) > J n (u°) > J(u°) - u(r n ) > J{u n ) - w(r„), 

Tor^a7 n /: w [r/ n ](r n ) = 7 n / / w(t, u)if (t)(du)dt < 2w(r n ), h b cnjiy (5on )|[ TniOO ) = ?? n |[ Tn ,oo) 

J[0,r n ) Ju(t) 

C w [rf](r) < 2^(r n )/ 7n Vr G T. (4.4) 

rtepexo^H flJiH BCHKoro r € T k npe^ejiy npn n — > 00 HMeeM >C^[ry°°] < 0, to ecTb £ u ,[ry 00 ](r) = 
^jih Bcex r € T. nocKOjibKy w € (Null)(u°), to r/°° = 5 o n° nonra Bcio^y Ha T, OTCiofla x°° = x° 
h (x ,^ ^ 00 ,^ 00 ) G 3- Bojiee Toro hs (JOJ ||£ w [r? n ]||c -> 0. 
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Bbi6epeM HeKOTopoe e G R>o H H 3 ycjioBHH (s) B03bMeM T C 2), S G R>o> Tor^a HaltfleTCH 
N G N, hto npn n G N,n > iV BbinojiHeHO (x 11 , rj n , A™, ■0 n ) G T, | t 7 ?""] I |c < Tenepb H3 
ycjioBHH (s) cjie^yeT h ||^™(t„) - ^°(r n )|| x < e; ho ip n (T n ) = 0, OTKya,a 1 1^ (•?"„) | |x < e flJi* Bcex 
n£ N,n > JV. B ciuiy npoH3BOJibHocTH e G R>o noKa3aHo (|4. 1 j) . □ 

O^HO H3 caMbix o6hihx ycjioBHit Ha (|4,ip noKa3aHO b |15| . ^jih 3a^aHH ynpaBjieHHH 6e3 cpa30Bbix 
orpaHHHeHHii pe3yjibTaT |15| Theorem 6.1] cjie/ryeT H3 npe/yioJKeHHH 1 h |151 Lemm 3.1] . 

yCJIOBHe (s) KaK CJie,H,CTBHe HaCTHHHOH yCTOHHHBOCTH 

Hejib ^aHHoro pa3/i;ejia — no^o6paTb TaKofi Bee w° G (Null)(u°), HTo6bi ycjiOBHe (s) cjie^oBajio 6bi 
H3 HeKOToporo BapnaHTa (HeaciiMriTOTHHecKoit) ycTOHHHBOCTH no JlnnyHOBy KOMnoHeHTbi ip. 
Bcrofly flajiee npe/inojiaraeM, hto BbinojiHeHO 

YcjiOBHe (<9) : cymecTByioT npoH3BO^Hbie d/fciEi^ ; 9g{t^x,u) ^ HBJIHIOII1|I j ecH na T x X x U jioKajibHO 
jiiinniimeBbiMH OTo6pa>KeHHHMH KapaTeo^opH, HMeiomHMH Ha KajKflOM KOMnaKTe cyMMHpyeMyio 
MajKopaHTy. 

BBe/i,eM pjw yn,o6cTBa ccbijiok 

x(t) = f(t,x(t),u°(t)); (4.5) 

i>{t) = -d x H{x(t),t,u°(t),\,il>(t))\ ( 4 - 6 ) 
A = 0. (4.7) 

IlycTb ,iiaHO KOHeHHOMepHoe eBKjiH/ioBO npocTpaHCTBO E, 3a,naHO orpaHHHeHHoe Ha bchkom kom- 
naKTHOM MHOJKecTBe MyjibTHOTo6pajKeHHe G : T — » (comp)(E), rpacpHK GrG KOToporo — 3aMKHy- 
Toe 6opejieBCKoe MHOJKecTBO bTx£. IlycTb TaioKe ,n,aHa JioKajibHO jinnuiHi^eBaa cpyHKiiHH Kapa- 
Teoflopn a : T x E x U i— > E, HMeiomaH H3MepHMyio MajKopaHTy h yzjoBjieTBopniomaH ycjiOBHio 

npOflOJIJKHMOCTH. PaCCMOTpHM CHCTeMy 

y = a(t,y(t),u), t GT,uG U(t). (4.8) 
Otmcthm, hto TaKJKe KaK ot (jl.lj) nepexo^HjiH k (I3.6p . mojkho paccMOTpeTb 3aflany Kohih 

y = I a(t, y(t), U ) V (t)(d U ), y(0) = £ G E, t G T 
./[/(*) 

fljia Bcex t/ G it, ^ G E. 3t& 3a,naHa BHOBb 6ya,eT HMeTb e/iHHCTBeHHoe penieHHe y^ G C; oc (T, 
fljia bchkoh no3HH,HH (t*,y*) £Tx£ cymecTByeT penieHHe Y[£*,y*] sa^ann Kohih 

y = a(t,y(t),u°(t)), y(t*) = y*, t G T, 

oho npo/i,oji>KHMO Ha Bee T h HenpepbiBHO (KaK 3jieMeHT C; oc (T,X)) 3aBHCHT ot (t*,y*). BBe^eM 
x{t*,y*) = Y[t*,y*}(0) ^jm bchkoto (t*,y*) G T x E, npn 3 tom V^ptf) = 

Cne/iyioiHee npe^jiojKeHHe npe/rbHBHT MeTOfl no^6opa Beca w°. 3aMeTHM, hto b OTjinnne ot 
npeflbmymHX naparpacpoB, npn ero /];oKa3aTejibCTBe, a cjieflOBaTejibHO h Bcro^y HHJKe, ycjiOBHe 
npo,a;ojiJKHMOCTH (popMajibHO HyjKHO He TOJibKO flJiH npoflOJDKeHHH jioKajibHoro peuieHHH BnpaBO 

flO 6eCKOHeHHOCTH, HO H flJIH npOflOJIJKeHHH JIOKajIbHblX peHieHHH BnjIOTb flO HyjIH. 

IIpefljioxceHHe 4. Tlycmb eunoAHeuo (u). Ilycmb Myjit>muomo6pawceHue G : T — > (comp){E) 
ospanuueHO na bcmkom KOMnaKmnoM MHOMcecmee, a ezo gpacpuK Gr G — 3aMKHymoe 6opejieecKoe 
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fl. B. Xjioithh 



MHOMcecmeo eTxE. Ilycmb a : T x E xU \— > E — AonaAbno Aunuiuv^eean (fiynKi^ux Kapameodopu, 
UMewuiflx, u3MepuMyio MaMcopaumy u ydoeAemeopHmu^an ycAoeuw npodo/iMCUMOcmu. 

Tozda 3ah ecfwou u° G iX naudemcn maKoe w° G (Null)(u°), umo 3am npou360AbHUX r\ G it, £ G 
E, T G T <?ah y = y| U3 Gr y|[o,T] C Gr G cAedyem 



(r, y (r)) - y (0) 1 1 ^ < O [r/] (r) Vr G [0, T] . 



floKa3aiejii.CTBO. 3acpHKcnpyeM n G N. B cnjiy ycjioBHH npo^ojuKHMocTH bchkomy 
(t*,y*) G Gr G|[o jn ] mojkho conocTaBHTb TpaeKTopnio Y[t*, y*] |[o, n ]) a 3HanHT h hhcjio x(t*,y*). B 
cnjiy TeopeMbi o HenpeptiBHoii 3aBiiciiMOCTH ot HanajibHbix flaHHbix 3Ta cpyHKniia 6ya,eT HenpepbiB- 
Ha, b nacTHocTH, 6yn,eT 3aMKHyT h ero o6pa3 — mhojkgctbo 

Gn = [J Gr yl(t* >y *)\[o,n], 

(t*,y*)eGr G[ [0 ,„] 

a H3 ycjioBHa npoflOJKKHMOCTH 3to MHOJKecTBO orpaHHneHO, cjieflOBaTejibHO — KOMnaKTHO. Tor,na 

Ha 3tom MHOJKecTBe (pyHKUHS a jmnmnneBa no y fljra HeKOTopoli KOHCTaHTbi Jlnninnna L n = 

fljifl Bcex t G [0, n] M n (t) = Jj 04 j L n (T)dT. Otmcthm, hto 3Ta cbyHKnnH 
a6cojiK>THO HenpepbiBHa h mohotohho He y6biBaeT. 

PaccMOTpHM fljiH HeKOToporo n G N fljra Bcex t E [n — 1, n),u G U hhcjio 

S(t, u) = sup \\a(t, y, u) - a{t, y, u°{t)) \ \ E . (4.9) 

yeG n 

3aMeTHM, hto HopMa BHyTpn cynpeiviyivia — OTo6pajKeHHe KapaTeoflopn, y npo6eraeT KOMnaKT, 
Tenepb fljia bchkoto u G U H3 |13l Theorem 3.7] cynpeiviyM ^ocTHraeT MaKCHMyivia npn noflCTaHOBKe 

HeKOTOpOH (pyHKUHH ymax 

(u) G B([n,n-1),G n ), Tor,na S(t,u) H3MepHMa no t npn bchkom u G XJ. 
3a<pHKcnpyeM t G [n — l,n), Han^eTCH (pyHKinin w' G ^jih KOTopoli 

|o(t, y, u') - a{t, y, u°{t)) \ \ E - \\a{t, y, u") - a[t, y, u°{t)) \ \ E | < J (p^) (4.10) 

BbinojiHeHO npn jno6bix y G G n ,u',u" G U(t)(u' ^ u"). PaccMOTpHM npoH3BOJibHbie pa3JiHHHbie 
u',u" G U(t), 6e3 orpaHHHeHHH o6ihhocth cnHTaeM S(t,u') < S(t,u"). Tenepb, c o/ihoh ctopohm 

S(t,u') > \ \a(t,y u ,u') — a(t,y u , u°(i))||„, noflCTaBjian y = y m ax(u")(t) b (14. lOh c /rpyroft, HMeeM 
< S(t,u") — S(t,u') < u) (l/\\u' — to ecTb S HenpepbiBHa Ha GrU\r n _i jTl \ no nepeMeHHOH u. 

TaKHM o6pa30M cpyHKHHn S : GrU\\ n _x^ n \ — > T HBjineTCH (py HKrj ; He H KapaTeoflopn. 3aivie- 
thm, hto, npo6eraa n G N, mbi onpe^ejinM cpyHKii;Hio KapaTeoflopn S Ha bcSm GrU . Bojiee Toro, 
S(t,u°(t)) = no nocTpoeHHio . Tor,zra KoppeKTHO onpeflejiHTb w° G (Null)(u°) npaBHjioivi: ^jih 
Bcex n G N, (t, u) G Gr f7|r n _i )n \ 

w°{t,u) = \ \u-u {t)\\ + e Mnit) S(t,u). 

PaccMOTpHM npoH3BOJibHbie n G N,t G [0, n], (r, yi), (r, 7/2) G G n . Tor,a,a BbinojmeHO 
Gry[r,yi][[ 0in ],Gry[r,y 2 ]|[o,n] C G n , BBe^eM Ha [0,n] cpyH^nn 

r(t) = r[r,ift](t) - y[r,y 2 ](i), F+(t) = e^W||r(t)|b Vi G [0,n]. 
Tenepb H3 jinnniHH,eBOCTH a HMeeM ||r(t)||^ > —L n (t)\\r(t)\\E, OTKy,a,a 

= 2L n {t)Vl{t) + 2e 2M ^r(t) T r(t) > 2L n (t)V$(t) - 2L n (t)V*(t) = 0. 
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Torna V+ He y6biBaeT, n hjih Bcex (r, y%), (r, y 2 ) £ G n BbinojiHeHo 

Mr,yi) - x(r,y 2 )\\E = V+(0) < V+(t) = e M "M|| yi - y 2 || £ . (4.11) 

PaccMOTpHM Tenepb Taxne npoH3BojibHbie 77 G it, £ G -E 1 , T G T, hto pjis y = y^ BbinojiHeHo 
Gry\[Q t x] C GrG. 3ac|)HKCHpyeM npoH3BOJibHbie n G N, ri,T2 G [0, T] H [n— t\ < r 2 . IlpiiMeM 

y 1 {t)=Y[r 1 ,yl{T 1 )]{t), y 2 {t) = y*(t) , r(t) = yi (t) - y 2 (t), V-(t) = e~ M ^\\r{t)\\ E V< G [n.Ts]. 
Ilo nocTpoeHHio G n BbinojiHeHo Gr yi,Gry 2 C G n . Tenepb ,tjih noHTH Bcex i G [71, T2] 

— = -2L n (t)V 2 (t) + 2e- 2M ^r(t){ yi (t) - a(t,y 2 (t),u°(t)) + a(t,y 2 (t),u°(t)) - y 2 (t)) < 

-2L n {t)V 2 {t) + 2L n {t)V 2 {t) + 2e~ 2M ^\\r{t)\\ E [ S{t,u) V (t)(du) < 

Ju(t) 

2e - M ^V-{t) [ S(t,u) V (t)(du) < 2e- 2M ^V^{t) dCw0[r,]{t) . 

JU(t) dt 

Otmcthm, hto V-(t\) = 0, cjiyHKBHH V- HeoTpnnaTejibHa, Tor,n,a V 2 He npeBocxonnT BepxHero 
penieHHH V 3anaHH 

^ = 2e- 2M ^VW) dCw f m V(h) = 0, 

OTKyna 

\\r(r 2 )\\ E = e M ^V„{r 2 ) < e M »™ JVij) = e M ^~ 2M ^ (C w o[ V ](r 2 ) - ^in)). 
Tenepb H3 x(t 2 , 2/i(t 2 )) = xfo, Y[t\, 2/|(ti)](t 2 )) = Y [n, y|(ri)](0) = x(n, y|(n) nojiynaeM 

l|x(r 2 ,y|(r 2 )) - Mn,y?(ri))|b ™ e 2M ^~ 2M ^(C w o[v](r 2 ) - C w o[r,}( n )). (4.12) 

3acJ)HKCHpyeM npon3BOjibHoe t G [0, T]. J^Jin bchkoto e G R>o npoMencyTOK [0, i) mojkho pa3- 
6nTb Ha TaKHe nojiynHTepBajibi BH/ja [r', r") TaK, hto6m Bcerna [r', r") C [n — 1, n) fljia HeKOToporo 

n G N h M n (r") — M n (r') = J,, m L n (t)dt < e. Torna h,jih t± = t',t 2 = t" BbinojiHeHo (|4.12p . to 
ecTb 

||x(r",^(r")) - x(r',^(r'))|b < e 2£ {C w o[v](r" ) - C w o[ V ](r')). 

CKjianbiBaa no BceM nojiyHHTepBajiaM, b cnjiy x(0, y|(0)) = £ n HepaBeHCTBa TpeyrojibHHKa, HMeeM 
hhh Bcex t G [0, T] ||x(f,y|(i)) — £||.e < e 2e /^^o [77] (i), ocTajiocb nepenra k npenejiy npn e — >• 0. □ 

IlyCTb E" MOJKHO npe^CTaBHTb B BHHe E = EpXE q flJIH HeKOTOpblX KOHeHHOMepHblX eBKJIHHOBblX 

npocTpaHCTB E p ,E q , o6o3HannM npoeKnnn OTo6pa»ceHHH a Ha nonnpocTpaHCTBa Ep n E^ nepe3 b 
h c cooTBeTCTBeHHO, Tenepb cncTeMy (I4.8|) mojkho 3anncaTb b BH^e 

p = &(t,p,g,u),g = c(t,p,g,u), (p,g)(0)=^GE, u G I7(t). (4.13) 

Tor^a mojkho cnnTaTb, hto y r ^ = (pj, g|) fljia Bcex 77 G U, ^ G £?. 

IlycTb flaHo 3aMKHyToe MHoncecTBo Go C E h ^ G Go- ByaeM roBopHTb, hto peuieHne 
ypaBHeHHH (I4.13P HMeeT b Go flJia ynpaBjieHHH u° ycTOHHHByio no JlanyHOBy KOMnoHeHTy p, ecjin 
fljra jno6oro e G R>o cyu;ecTByeT Taxoe 5(e, y) G R>o, ^to flJia Bcex ^' G Go H3 ||^' — ^||_b < 5(e, y) 
cjienyeT \\p^, (s) — p^ (s)\\e < £ hhh Bcex s G T. 
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J^. B. XjionHH 



IIpeflJio^ceHHe 5. IJycmb eunoAHeno (u). IJycmb a: TxExTJ\—>E — AonaAbno Aunmu- 
u_eeaA cjjynKUAiR Kapameodopu, UMewumA v,3MepuMyK> MdMcopanmy u yBoeAemeopMou^an ycAoeum 
npodoAOfcuMocmu. 

IJycmb Bano 3aMKHymoe MHOMcecmeo Gq C E u manou KOMnaKm Kq 6 {comp){Go), umo 
Baa ak>6ozo £ G Kq pemenue y^ UMeem e Gq Bah ynpaeAenun vP yemouuueym no Jlsmynoey 
KOMnonenmy p. 

TozBa Baa aw6ozo e G R>o nauBemcn manoe 5 G R>o, nmo Bar ecex £ G Kq,v G O w o(u°;5) 
ecAU x(t, y|(t)) G Go Bah ecex t G T, mo — ||c < £■ 

floKa3aieju.cTBO. BBe^eivi KOMnaKT K > = {£ G Go | 3£o G i^o II? — Colls < !}■ Co- 
nocTaBHM BCHKOMy t G T MHOJKecTBo G(t) = G if>}- IlojiyHHBineecH oTo6pajKeHiie G 

KOMnaKTH03HaHHO h HenpepbiBHO, b nacTHOCTH HMeeT 3aMKHyTbifi rpacpHK. Tenepb pjw MyjibTHO- 
To6pa»ceHHH G mojkho H3 npe^jioJKeHHH H] Haft™ Bee it; G (Null)(u°). 

Onpe^ejiMM M(£', £") = sup ieT 1 (i) -p^(t)|b p G T U {+00} am bchkhx G K > x 

iT>. ^jih KajKfloro £ G -fTo ycTonnHBOCTb KOMnoHeHTbi p 03HanaeT KOHenHOCTb h HenpepbiBHOCTb 
OTo6p a JKemiH M b Tonice (£,£) G iiC> x X>. 

3a<piiKcnpyeM e G R>o 5 Bbi6epeM ^jih KajK^oro £ G i^o cboS 5(e/2,y^ ) G (0,1/2], a 3Ha- 
HHT H S(e/2, y^°)— OKpeCTHOCTb tohkh (£, £) (b if> x if>). H3 nojiyneHHoro nOKpblTHS ^HaroHajiH 
A MHOJKecTBa Kq x Kq BbiflejiHM KOHenHoe no/i,noKpbiTHe, oho nopoJKflaeT HeKOTopyio OTKpbiTyio 
OKpeCTHOCTb T flnaroHajiH A. IlycTb 5(Kq) — MHHHMajibHoe paccTOHHHe ot A ,a;o rpaHHHbi OKpecT- 
hocth T. Tenepb /yia Bcex £' G K > , £ G Kq 113 ||£' — £\\e < S(Ko) cjie,zryeT (£',£) G T, to ecTb pjisi 
HeKOToporo £" G Kq BbinojiHeHo M(£,£"),M(£",£') < e/2, oTKy^a M(£,£') < e. Hiax, 

(11^ -CHS < W) -pf )||c < e) V£ G K Qt ? G K>. (4.14) 

PaccMOTpiiM npoH3BojibHbie r] G O w o(n°; (5(-K"o))> e G ^0 co cbohctbom: £i(i) = x(t,y|(t)) G Go 
fljia Bcex t G T. B cnjiy i^o C if> = G(0) KoppeKTHO onpe^ejiHTb nycTb ^ajKe 6ecKOHenHoe 

T = sup{T G T I Gr^\ m C K > \/t G [0,T}} G T U {+00}, Tor^a Gry|| [OTo) C Gr G. Tenepb hs 
npe,a,jioJKeHHH H] HMeeM 

WUt) ~C\\e = \Wt,yl(t))-Z\\ E < C w o[ V ](t) < 5{Kq) Vt G [0,T >. (4.15) 

^jih KajKfloro t G [0,Tq) no/i,CTaBHM £i(t) G -fT> b fl4. 14|> . b cnjiy P^°/ t \(t) = pj(t) HMeeM ||p^(t) — 
pf (^)\\e < e flJM Bcex i G [0, To). JXjih 3aBepnieHHH flOKasaTejibCTBa ocTajiocb noxasaTb, hto 

Tq = OO. 

IlycTb He TaK, Tor^a Go D GV£i|(t ,t] ^ Gr K > fljia jiK)6oro r G (To, 00) no nocTpoemno To, 
to ecTb £i(To) G c/(Go \ K>) h ||£i(To) — £||e > 1 no onpe^ejieHHio K > . Ho nepexo,a;H k npe^ejiy b 
(|4.15p HMeeM ||£i(To) — £||_e < <^(-^o) < 1/2- 3to npoTHBopenne /i;oKa3biBaeT, hto To = 00. □ 

CjieflCTBHe 1. B ycAoeunx (f), (g), (u), (3) nycrrib na onmuMdAbnou Bar 3adauu (ji.^) nape 
(x°,u°) G G; oc (T,X) x il Bam ynpaeAenun u° eennoe pemenue (x°, A ) cucmeMU Q^.5| )-( |^7| ) 

UMeem ycmouHueym no Jlanynoey KOMnonenmy ^ o eG =XxXx [0,1]. 

TozBa Baa bchkou Heozpanmenno eoapacmawmeu nocAeBoeameAbuocmu MOMenmoe epejvienu 
( r n)n£N £ T N nauBemcA manoe pemenue (x°, u°, A°°, -0°°) G 3 ecex coomnomenuu npunuuna 
MciKCUMyMCL (| 3. ^|) - (| 3. 5p 'imo eunoAHeno maKMce ycAoeue < \4- 

floKa3aiejibCTBO. ^ocTaTOHHo b (|4. 13|) npHHHTb E p = X, E q = X x R, no,n p n 
g = (91,92) noHHMaTb -0 h (ic, A), b KanecTBe b B3HTb npaByio nacTb (|4.6p . b KanecTBe c B3HTb 
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npaByio nacTb cncTeMbi 113 (j4.5j) h (|4.7j) . npHHHTb 1£q = D x {Ox} X [0, 1], Go = X x X x [0, 1]. 
Tenepb npefljioJKeHne [5] rapaHTnpyeT BbinojmeHne ycjioBnn npeflJiojKBHHH [3j hto h Tpe6yeTca. □ 

OTMeTHM, HTO B CJie^CTBHH Q] MOJKHO npHHHTb Go = {>c{t, tfj (t) , X (t) , A) | (x, T], A, G 2),t G T}. 

Mo,H,H{pHKaLI,HH yCJIOBHH TpaHCBepCajIBHOCTH (14.11) 

B HeKOTOpblX CJiyHaHX HeT yCTOHnHBOCTH MHOJKHTejIH JIarpaHJKa Ip, OflHaKO H3BeCTHa CKOpOCTb 

ero pocTa hjih ecTb ycTOHHHBOCTb no HeKOTopbiM KOMnoHeHTaM BeKTopHoft nepeMeHHoii ip. B stom 
cjiynae mojkbt noMOHb cjie^yioinaH MO^nicfxHKaiiHsi ycjioBHH (14. ip . ycjioBHe THna 

lim n ^ oo ||V (r n )A(r n )|| x = 0, (4.16) 

iyje ^4 — H3MepiiMoe no t OTo6pa>KeHHe H3 T b L, L — jmHeiiHoe npocTpaHCTBO BceB03MOJKHbix 
m x m-MaTpnn;. CHapa^HM L, fljia onpeflejieHHOCTH onepaTopHoii HopMoft. 

IlpHMepaMH TaKHX OTo6pa>K£HHH MoryT 6biTb HanpnMep: conocTaBjiniomee eflHHHHHyio MaT- 
pnny OTo6pajKeHHe A(t) = 1l; KaKon-jin6o "cKajinpHbift" MHOJKHTejib A(t) = r(t)ljj, KaKoe-jiH6o 
OTo6pajKeHne A(t) = D c flnaroHajibHoft MaTpimeii D; k TaKOMy Bajxy TaKJKe cbo^htch nacTO 
Hcnojib3yeMoe ycjioBHe ip(t)x(t) — > 0. 

IlycTb Bcex T) G il, £ G X Bbi6paHo H3MepnMoe oTo6pajKeHiie A^ : T — > L. IlpHMeM A = ^4o°- 
YcjioBHe (s'A): Ha onTHMajibHon pns. sa^ann (II. 2p nape (x ,u ) Haft^eTCH TaKoli Bee w G 
(Null)(u°), hto y BcnKoro penieHHH (x°, u , A , tp°) G 3 npoH3BefleHne ycTonnnBo k MajibiM 
fljia B03MymeHHHM cncTeMbi (|3.2|) . (|3.3|) . to ecTb /yra BcaKoro e G R>o Han/ryTCH Taxne hhcjio 
5 G R>o 11 OKpecTHocTb T C 2) peinemiH (a; , 5 o u°, A ,^ ) (xaK 3jieMeHTa Cj 0C (T,X) x il x T x 
Ci oc (T,X)), hto fljin Bcex (x,r],\,ip) G T H3 | [r?] I lo < <5 cjie^yeT ||^L ) - V^llc < £■ 

IIpe,zi,Jio:>KeHHe 6. B ycAoeunx (f), (g), (u) Bar ecnKou onmuMaAbnou e 3adaue (|i.,gj) napw 
(x , u ), ydoeAemeopsimu^eu ycAoeuto (s'A), oVa bcmkou neozpanunenno eo3pacmaK>w,eu nocAedo- 
eameAbHocmu MOMenmoe epeMenu (r„) n6 N G T N naildemcM maKoe pemenue (x°,u°, \ ,ip°) G 3 
ecex coomnomenuu npuHV,una MaKCUMyjvia (jff.ffjl - flff.ffj) . "htoo eunoAHeno ycAoeue l \4- 16\) . 

,II,OKa3aTejibCTBO OTjinnaeTcn ot ^OKa3aTejibCTBa npe/;jio>KeHHH [3] jinnib ccbijiKaMH Ha (s'A) BMecTO 
(s) n floGaBjieHneM Aj, A k&k MHOJKHTejieli b HepaBeHCTBa npe^nocjieflHeft ctpohkh. □ 

IlpHMeM E p = X, Eg = X x X x R, nop, q 6y,z;eM noHHMaTb (x,ip, A), b KanecTBe c B03bMeM 



npaByio nacTb (13. 2|) . (|3,3|) n (I4.7p . Tenepb ncnojib3yeM HMeiomnficH npon3BOji Bbi6opa 6. 

3aMenaHHe 1. Ilycmb eunoAHenu (f), (g), (u), (d); 3adano AOKaAbno Aunmuyeeoe, 
UMetoinee u3MepuMym MaMcopanmy omo6pa,MceHue Kapameodopu & :TxXx£ 9 xU->X, ydo- 
6AemeopfiK)iu l ee ycAoeuw npodoAwcuMocmu; nycmt maKwce 3ar bcrkozo u G il UMeemcM $yHK- 
v,un Kapameodopu (t, £) G T x E q 1— > -A^(t) G L maKan, umo nenpepueno omo6paMceHue 
(«,£) G il x i£g 1 — ^ A^(0) G L IIpednoAOMCUM maKotce, umo npu bchkom u G il djm bchkozo 
peuienutt z = (x,X,ip) cucmeMU <\3.2\i . l\3.3tf ,< \4- TP c HaucuibHUMU ycAoeunMu £ G npou3eedenue 
ijjAg MBAHemcn pemenueM ypaenenuH 

% = b{t,p{t),1>(t) ) x(t),\,u(t)). (4.17) 

Ilycmb na onmuMCUibHou 3asi 3adauu (ji.gp nape (j; ,m°) G C/ oc (T,X) x il d/ui bcmko- 
zo peiuenun y = (p,x,ip,\) cucmeMU fl^.5p -(4-7); ( ^.17[ ) npw u = u , ecyin moAbKO y(0) G 



{(-00^ (0), Ox, A, V>o) I "00 € D, A G [0, 1]} , mo pemenue y uMeem yemouuueym no Jlnnynoey kom 
nonenmy p 3ah ynpaeAenusi u° u nauaAbnux ycAoeuu U3 X x X x X x [0,1]. 
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Tozda djisi ecnnou HeogpanuueHHO eoapacmamu^eu nocAedoeameAtHocmu MOMenmoe epeMenu 
( T n)neN G T N naudemcn manoe pemenue (x°, it , A , G 3 ecex coomnoiueHUU npuHV,una mclk- 
cujuyMa (jff.iij) - (jff.5p . wio eunojiueno ycAoeue < \4-16\) 3am A = A%, £° = (Ox, V ,0 (0)i ^°)- 

5. OopMyjia Kouih flJia conpa^ceHHofi nepeMeHHofi 

B pa6oTe [2j C.M.AceeBbiM, A.B.Kphjkhmckhm 6mji npefljiojKeH h jj;oKa3aH BapnaHT ycjioBHH, 
b kotopom (paKTiinecKH b KanecTBe MaTpnubi A 6epeTCH penieHHe jiHHeapH30BaHHoft (B^ojib on- 
THMajibHoro peineHHa) CHCTeMbi fljia ypaBHeHHH fl3.3j) . ilpn stom fljis conpHJKeHHoft nepeMeHHofi 
y^aeTCH BbiimcaTb b hbhom BHfle Bbipa»ceHHe, no,a,o6Hoe cpopMyjie Kouih pemeHHH JiHHeliHbix ypaB- 
HeHHii. 3to BbipaJKeHHe o6o6maeT (cm. [2j §16]) uejibift pnjj; ycjioBHft TpaHCBepcajibHOCTH, b nacT- 
hocth, HBjiaeTCH 6ojiee o6meft neM Haft^eHHbie jijih JiHHeliHbix CHCTeM ycjioBHH b [11J. 

B OTjiHHHe ot 6ojibniHHCTBa /jpyrnx ycjioBHH TpaHCBepcajibHOCTH, noflxo/j; [2] xoponi TeM, hto 
BbiflejineTca c KajK^biM onTHMajibHMM ynpaBjieHHeM pobho ojxho penieHHe npHHinina MaKCHMyMa. 
TaKHM o6pa30M, BKjnoneHHe ^aHHoro ycjioBHH b cooTHonieHHH npHHinina MaKCHMyMa no3BOJiaeT 
nojiyHHTb "nojiHyio" CHCTeMy cooTHOinefflift. 

YnpocTHM npe,n,jiojKeHHe [6] c TaKHM A jijih ocjia6jieHHH npejxnojio>KeHHH [TJ TeopeMa 2], [2j 
TeopeMa 12.1] h hx cjie/j;cTBHH. 

IlycTb HeKOTopaa napa (x°,u°) G Cj oc (T, X) x il onTHMajibHa /yia saflann (11. 2p . onpe^ejiiiM 
BMecTe c Heft penieHHe saflann Kohih: 

d -M = «fVi #) , ^(0) = 1, (5.1) 

no/K^HbiM o6pa30M, fljiH BCHKoro £ G X nepe3 x^ o6o3HannM penieHHe (|3.2p npn HanajibHOM 
ycjioBHH Xt(Q) = £ G X, BBe^eM TaioKe ^ — peuieHHe MaTpHHHoft sa^ann Kohih 

<*^(*) df(t,xs(t),u°(t)) 

-*T = & A ^ Mo) = lL v ^ g x ' 

BBe^eM jijih bchkoto T € T BeKTop 

A f dg(t,x^t),u°(t)) 
' [0,T] 



/c(T) « j ,v ' ^ V " ^(t) dt. (5.2) 



IIpe/i,Jio»<;eHHe 7. 5 ycAoeunx (f), (g), (u), (9) nycmt, napa {x , u ) onmuMajibna 0am 3adanu 
(li.ffl) . Ilycmb omo6pawceHue Iq ozpanuneHO u lim II it — iollc = 0- nycrm> I* G X — neKomopuu 

uacmuHHUu npedeA Io(t) npu r — > oo. 

Tozda 3ah A = 1/(1 + [|/*||x) > u ^ G Q oc (T,X), eeedenuozo no npaeuAy: 3ah ecex T G T 

l + lM*||x v 7[o,T] to / 

uemeepKa (x° , u° , \° , ydoeAemeopfiem eceM coomnomeHUHM npuHV,una MancuMyMa (j^.^j )- (|3.5j) 
it ycAoemo < \4- lty - 

floKa3aiejii.CTBO. A- 1151 BCHKoro r/ G 11 BBejj;eM MaTpHHH03HaHHyio cpyHKii,Hio ^4^ - 
penieHHe MaTpHHHoro ypaBHeHHH 



YcjioBHa onTHMaxiBHocTH npn ycTOHHHBocTH conpa>KeHHoit nepeMeHHoii 
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Tenepb .zyis bchkoto peineHna (ar J? , 77, A' ? , ip 71 ) € 2) 113 (j3.7l) cjie/ryeT 

^A%t) = -X^( Ml^m^ A v m t){du). (5.5) 
at 7[/(t) era 

IlpeBpaTHM ciicTeMy (|5.5j ). (|5.4p . (|3.2j) .( j4.7p b ciicTeMy BH^a (|4.13l) no^cTaHOBKon: 

E P = X, £, = LxXxR, Xb = {^GX|||^||x < 1} x {1 L } x {0} x [0, 1], G = X x L x X x [0, 1], 

/ n n A dg(t,q 2 ,u) A f df(t,q 2 ,u) \ 
0{tjPAQuQ2,q3),u) = -q 3 7^ qi, c{t,p,{qi,q 2 ,q3),u) = ^ 7^ gi, /(t, g 2 , u), 0J , 

IlpoBepHM nacTHHHyio ycTOHHHBOCTb no JlanyHOBy KOMnoHeHTbi p nanyneHHOH CHCTeMbi 

9g(t,z,n°(t)) p ■ df(t,z,u°(t)) D . . 

P = ~ r dx = dx = * ( t,z,u W)' r = 

npn -B(O) = 1l,-z(0) = 0, r(0) G [0,1], p(0) £ D. Peman CHCTeMy HMeeMi 

r(f) = r(0), Z (t) = x t(0) (t), B(t) = A z(0) (t)B(0), p(t) = p(0) - r(0)I z(0) (t)B(0). (5.6) 

ycTOHHHBOCTb no JlanyHOBy KOMnoHeHTbi p Ha BceM Kq CBejiacb k HMeioiHHM MecTO no ycjiOBHio 
npeflJioJKeHHH HenpepbiBHOCTH 1^ b Tonice £ = h orpaHnneHHOCTH Iq. Toiyja no npe,i],JioJKeHHio[5]npH 
HeKOTopoM Bece u>° G (Null)(u°) KOMnoHeHTa p = A v ip' 11 ycTonnnBa npn Majibix no w° B03MymeHHnx 
ynpaBjieHHH u . B cnjiy Bbi6opa Kq sto o6ecnennBaeT ycjiOBne (s'A) fljin TaK onpe^ejieHHbix A v . 

Ho ycjiOBHio I* — nacTHHHbin npe^eji, noTOMy Han^eTCH HeorpaHnneHHO B03pacTaioin;aH nocjie- 
flOBaTejibHOCTb (r n ) n€ N G T N , fljra KOTopofi Io(T n ) — > I*, 3acpHKcnpyeM 3Ty nocjie^oBaTejibHOCTb. 
Tenepb no cjie^cTBHio [1] pjisv HeKOTopon neTBepKH (x , u , A , tp°) G 3 BbinojmeHO (|4. 16H . 

IloflCTaBjiHa b ([ES]) z(Q) = 0,r(0) = A , c yneTOM ^4(0) = 1l, p(0) = ?/> (0), HMeeM 

p(T) = (V°^4) (T) = V°(0) - A°/ (T) VT G T. (5.7) 

IloflCTaBjiHH Tenepb ysce T = r n n nepexo^n k npe,n,ejiy, H3 ()4.16p cjie/ryeT = tp°(0) — A /*, Tenepb 
H3 (15.7P n (13. 5f) cooTBeTCTBeHHO, nivieeM 

^ (T)A(T) = A°(J* -/ (T)), A = I > 0. 

~r 1 |-**| |X 

IlpHMeHHH MaTpnny, o6paTHyio k A(T) (pemeHne sa^ann (|5.ip HeBbipc-JK/jeHo) , nojiynaeM (|5.3p . □ 

Otmcthm, hto b tom cjiynae, Koiyja I* He 3aBHCHT ot Bbi6opa nocjie^oBaTejibHocTH (t^^^n, 
aBTOMaTnnecKH BbinojiHeHO 6ojiee cnjibHoe ycjiOBne TpaHCBepcajibHOCTH 

lim ip(t)A(t) = 0. (5.8) 

t— >oo 

Bojiee Toro, nocKOJibKy npn (pHKcnpoBaHHbix (x°,u°, A) pemeHHH (|5.5p OTjinnaioTcn flpyr ot ,a,pyra 
Ha KOHCTaHTy, to fljia Bcex ocTajibHbix neTBepoK (x°,u°, \,ip) G 2) npoH3Be,a;eHHH ipA Taic-Ke 6y- 
/i;yT CTpeMHTbcn npn t — > 00 k KOHenHOMy npe^ejiy, ho yjKe He paBHOMy Hyjno. Oiciofla KajK^oii 
TpofiKe (x°,n°,A) cooTBeTCTByeT He 6ojiee o,n,Horo tjj°, fljin KOToporo BbinojiHeHO (|3.2p - (l3.4p . (|5.8h : 
Tenepb H3 (|3.5p o,fl,H03HanHO BoccTaHaBjiHBaeTcn n A . HTaK, cymecTByeT eflHHCTBeHHoe penieHHe 
(x , u , A, ij)) G 3, ynpBjieTBopHiomee ycjiOBHio (|5.8p . TaKHM o6pa30M noxasaHa: 
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TeopeMa 1. B ycAoeunx (f), (g), (u), (d) nycmb napa (x°,u°) onmuMaAt>Ha 3ah 3adauu (1 1.2\ . 
KpoMe moeo onpedenen, KOHeuen u nenpepueuo 3aeucum om £ e neKomopou OKpecmHocmu Ox 
npedeA 

A Hm /" dg(t,x^t),u°(t)) 

T -+°° J[0,T) 

Tozda cymecmeyem eduHcmeeHHaji uemeepKa (x° ,u° , X° ,tfj°) G 3, ydoejiemeopmowfiH eceM co- 
omHouieHUHM npuHV,una MaKCUMyMa 5|) u ycAoeum mpaHceepcaAbHocmu (\5.8\) . TIpu amoM 

-* 1 >0 , ? m ±f Mi^m^^m vr eT . (5.10) 



' " J\0,T) OX 



l + l|Aol|x ' J[t,oo) dx l + ||A ||x 

B [I], [2] paccMaTpHBajiact sa^ana c cpyHKHHeii /, He 3aBHCHin,eli ot BpeMeHH h cpyHKUiieii g 
BHfla e~ rt G(x,u); HaKjia/rbmaeMbie b [TJ TeopeMa 2], [21 TeopeMa 12.1] ycjiOBira (flOMHHHpoBaHHH 
flHCKOHTHpyiomero mho^khtcjih) b TepMHHax ycjiOBHH (I5.9P MoryT 6bitb CBe,a,eHbi k BH,ny: npn HeKO- 
Topbix a, /3 € R>o fl- 113 Bcex flonycTHMbix ynpaBjieHHH u, cooTBeTCTByiomHX mm TpaeKTopnli x h 
MaTpiiHHbix 3KcnoHeHT A BbinojmeHo: 

dg(t,x(t),u(t)) < pe - at vt£T _ 
ax 

3to ycjioBHe, b cboio onepe^b, mojkbt 6biTb npoBepeHO noflcneTOM noKa3aTejien JlanyHOBa CHCTeMbi 
npHHirnna MaKCHMyMa, CMOTpHTe [21 §12]. 

Otmcthm TaKJKe, hto (popMyjia (j5. 10|) noxasaHa TaKJKe fljia 6na(pHHHOH ynpaBjiaeMoft ciicTeMbi 
npn MOHOTOHHoli -Jj: ( [I] TeopeMa 1], [21 TeopeMa 11.1]). 3tot pe3yjibTaT, no-BHflHMOMy HanpaMyro 
H3 noKa3aHHoli b ,a,aHHOH pa6oTe TeopeMbi [1] He cjie^yeT. 

B pa6oTe [16, Example 2] paccMaTpHBaeTCH cjie,ayioiii,HH 

n p h m e p 1. 

x = —u, , x(0) € R>o ; u G [c,d] C R>o, / e^ r( - t \s(x) + u)dt — > max, 

r^e CKajiapHbie cpyHKHiiH s,r HenpepbiBHO flHcpcpepeHirnpyeMbi, |s'(x)| pacTeT He 6bicTpee HeKOTO- 
poro nojiHHOMa h cymecTByeT limt_>.oo r(t) > 0. KaK yTBepjK^aeTca b |16| npn r(t) = t, s(x) = x 3 
CTaH^apTHbie ycjiOBHH Ha 6ecKOHeHHOCTH OTcyTCTByioT, 3aTO yzjaeTCH noxasaTb 

lim n(x°(t),t,u (t),\ ,if>°(t)) = 0. (5.11) 

t— >+oo 

Ho 3^ecb A(t) = 1l, HHTerpaji f T e~ r ^s'(x(t))dt paBHOMepHO no x cxoahtch h BbinojiHeHO (|5.9p . 
Topua H3 TeopeMbi [T]HMeeM A > 0, ip°(t) = A J*. 00 e~ r ^s'(x°(t))dt, a cjie,zi,OBaTejibHo (|4.ip h (|5.1ip . 
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